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A One-Dimensional Model with Phase Transition
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A one-dimensional model is studied with nearest neighbor interaction and
certain forbidden configurations. In this model it is possible to investigate the
phase transition even on the microcanonical level, and it turns out that phases
can coexist under certain circumstances.
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1. INTRODUCTION AND SUMMARY OF RESULTS

Even the simplest existing models in which phase transition occurs are too
complicated to make it possible to sec in detail what happens on the
microcanonical level during a phase transition. The object of the present
paper is to give a model in which phase transition occurs, and which at the
same time is sufficiently simple to be analyzed on the microcanonical level.
I think that the model is far from realistic, but that it is justified by the
above properties.

Consider a one-dimensional “crystal” with nearest neighbor interac-
tion. The sites of the particles are identified with the integers i=0, 1,..., N,
and the state of the ith particle is denoted by x,. There is only a finite set X
of possible states. The interaction is determined by a pair potential u(x, x'),
the total energy being 3V | u(x,_, x;). The pair potential takes values in
the integers extended with the point co. The value co thus corresponds to a
forbidden configuration,

The transfer matrix Z(6) is given by

eﬂu(x, ») if u(X, y) <®

0 if u(x, y)=ow (1.1)

Z(0; x, y)={
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If Z(8) is irreducible [which is the case if, for example, u(x, y) < oo for all
x and y in X7, then the van Hove theorem holds (see Theorem 5.6.2 in
ref. 4), and hence there will be no phase transition. I therefore assume that
there is a partition X, X, of X such that {(x, y); u(x, y)=00} =X, xX,.
Then with a suitable enumeration of X, one has

Z,,(6) 212(9)>

0 Z(6) (12)

Z(9)=<

where the submatrices Z,,(0) and Z,,(6) are quadratic and strictly positive
and hence have maximal positive eigenvalues 4,(6) and 1,(0), respectively.
The matrix Z(#) then has the maximal eigenvalue A(0)=max(4,(0), 1,(0)).
The eigenvalues of the submatrices are analytic in the real variable 8 and
hence the same is true for A(6) except at certain critical points 6 for which
2,(8)=2,(0). These critical points are symptoms of phase transition.

In order to introduce the microcanonical distribution, I consider the
energy surface X™(U) consisting of all configurations having total
energy U:

N
XMU)= {(xo,..., xp)eXVTLN u(x,_y, x;)= U} (1.3)
i=1
The ith particle is in phase k if x;eX,, k=1,2. Let T, =T, (xg,..., Xp)
denote the number of particles in phase k. Then T, + T,=N+1, and the
first T, particles are in phase 1 and the last 7, in phase 2.

The microcanonical distribution on the surface XV(U) assigns equal
weights 1/|X™(U)| to each point on the surface. Here [X™(U)| stands for
the number of points in the set X¥(U). This distribution thus induces a
probability distribution for T,.

It turns out (Theorems 3.1 and 4.1) that under the assumption (1.2),
and if N is large, then there is a critical interval (u', ") with the following
properties:

1. If UN<u, then T, =0(1) and the overwhelming majority of the
particles will thus be in phase 1.

2. fUN=au'+({l—a)u” with 0<a<l, then T\~ Nx and T, =
N(1 —«), with the dispersion being of the order N'/2. A proportion
a of the particles are thus in phase 1 and the remaining ones are in
phase 2.

3. If UN>u", then T, = 0(1) and the overwhelming majority of the
particles will thus be in phase 2.

In the first and last of the above cases there will be essentially only one
phase, but in case 2 the two phases will coexist.
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I shall also consider the corresponding canonical distribution
(Theorems 3.2 and 4.2).

Another example of a one-dimensional model with phase transition
can be found in ref. 3.

2. PRELIMINARIES

Let a},(U) denote the number of configurations (..., xy) in XV(U)
satisfying x,= x, x5 = y. Thus, in particular, a}cy(U y=1if U=u(x, y), and
zero otherwise. Then | X™(U)! = a”(U). Here and below a dot means sum-
mation over the corresponding variable. Thus, a¥(U)=3%,.x X, - x a2,(U),
Z(O, s }’) = erXZ(G; X, y)9 etc.

The microcanonical distribution for T equals

prob(T, =)= Y Y a'] L *al = (U)a¥(U), t=1,., N

xeX e X
1 yeX2 (21 )
Here the star denotes convolution:

axb(Uy= 5  a(V')b(V")

The numerator in (2.1) has to be replaced by 3
by ¥ ex,a’(U) when t=N+1.

The probability that the particles M, M + 1,.., M +n are in the states
Z0y 21y 2, €Quals

a¥(U) when t=0 and

yeE X2 y

Prob{(x ;= Zzgsees Xpgn=25)

=alfxal, *-xa, . oxal =M (U aM(U) (22)
The mathematical problem to be solved is thus to find approximations
for quantities such as the numerators and the denominator in (2.1) and
(2.2)
I shall illustrate the method by consnderlng ay(U) when U/N is out-
side the critical interval (', u”). The quantity a?, (U ) is related to ZV(0) in
the following way:

NO; x, ¥ Z e®Yal(

(23)
a(U)=@m) "t [ e CrRUZN 4 ik x, y) dE

-7
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By induction using (1.2), we get

zZN (6 Z:(0)Z,, 1
ZN(0)=( @) ,-+,-=ZN,1 u(® 2 (H)Z”(e)> (2.4)
0 Z3(9)
Note that
Z3(0)= A(0)Y E(8) (2.5)
where
E(0; x, y)=e,(0; x) ef(6; y) (2.6)

for xe X, y€ X,, and where ¢}(6; x) and e,(8; x) are, respectively, the left
and right positive eigenvectors of the submatrix Z,.(8) corresponding to
the eigenvalue 4,(0). The trace of E.(0) equals 1. The eigenvectors can be
chosen to be analytic in the real variable 6.

Let

0,={0eR;1,(0)>1,0)}, 0,={0eR; 1,(0)>4,(0)} (27)

Then a calculation shows that

ZN(0)~ AM0)" F(0) (2.8)

when 8 @,, k=1, 2. Here

F,(@):(Elé") 51(9)212(9)[16(0)~222(9)]1)
1 (2.9)
F(0)=<0 [42(0)—Z,,(0)]~ Z12(9)E2(9))
o E;(6)
That is,
Fil(0; x, y) = fi(8; %) £*(6; ) (2.10)

where (omitting the 6) fi(x), fi¥(x), fo(x), and f;* are equal to e,(x),
e¥(x), (A—Z;) ' Ze5(x), and 0, respectively, on X,, and to O,
e¥Z (A — Z5) "t (x), e5(x), and eX(x), respectively, on X,.

Put

gi(0) =log A,(0),  g(0)=max(g,(0), £,(0)) (2.11)
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Assume that fe @,, and use the abbreviations S=[Ng”(6)]"* and v=
[U— Ng'(6)]/S in the following chain of identities and approximations:-

2n{exp[0U — Ng(6)1} a¥,(U)

=" {exp(~i€U) exp[ ~ Ng(0)1} (0 + i x, ) de

QL s exp{—i{[U—Ng'(6)]} exp{N[g(0 + i) — g(0) — ig'(0)]}

x F (0418 x, y) dE

N

=| exp(—ilv) exp{N[g(0 +i¢/S) — g(0) — g'(0)i¢/S]}

|[&] <88

x F (0 +i/S; x, y) d/S

~ |7 exp(—itv) exp(—212) Fulb; x, y) /S

= (21)' exp(—v?/2) F(6; x, y)/S (2.12)
Here I used (2.8) for the first approximation and Taylor’s formula

(0 +i&/S) — g(0) — g'(0)i&/S~ g"(0)(it/S)/2 (2.13)

for the second.

These approximations can be made rigorous if g;(9)> 0. This con-
dition is violated if and only if there is a constant ¢, and a function w,(x)
such that u(x, y) = c, + wi(x) — w,(y).”® If the latter is the case, one can fix
a z in X, and choose ¢, = u(z, z), w,{x) =u(x, z). In this case u(x, y) is said
to be degenerate on X,.

There is also a normalization involved here. Put

v(x, y)=ulx, y)—u(z, z) —ulx, z) + u(y, z)

The group generated by the integers v(x, y), xe€X,, yeX,, is then
independent of z and of the form {0, +4,, +2h,,..} for some positive
integer #,. It was assumed above that i, = 1. Otherwise, one has to mul-
tiply the expression to the right in (2.14) below by 4,.

Summing up: Assume that u is not degenerate on X,, that 4, =1, and
that 0e®,. If N and U tend to o in such a way that v=
(U~ Ng'(0)1/[Ng"(0)]"? stays bounded, then

al(U)~ {exp[Ng(0) — 60U} [2nNg"(0)]1 > [exp(—v?/2)] Fi(6; x, »)
(2.14)
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The quantity v must be bounded, and hence this approximation can be
used only when U/N belongs to or is sufficiently close to the range of g'.

The function g is convex, since it is the maximum of the two convex
functions g, and g,. It is easy to see that

g'(0,00,)=g1(0,)u g:(0,)

and that g7(0,) and g5(@,) are disjoint. It can also be shown that g;(0,)
is open unless u(x, y) is degenerate on X,, in whch case g,(@,) is a
one-point set.

Instead of considering the general case, I shall simply assume that the
functions g, and g, cross at a point 6=y and nowhere else, that &, =
(—00,7), ©,=(y, 00), and that g\(y) < g5(y). The critical interval (', u”)
mentioned in the introduction is then given by u' = gi(y), u” = g5(y).

3. THE BEHAVIOR OUTSIDE THE CRITICAL INTERVAL

I shall here consider the probabilities (2.1) and (2.2) when U/N is out-
side the critical interval (u’, #”). Therefore, assume that U/N > u” and that
fe @, is such that g’'(#) = U/N. The case U/N <u’ is analogous.

Multiply the numerator in (2.1) by ¢ **Y, and sum over all integers
U. The result is

Z5 2 ZhE 0+ ) (3.1)

Fourier inversion now shows that the numerator in (2.1) equals

J” e~ OTIOUZIIZ  FIN-Q 4 iE; ., ) dEf2m (3.2)

Keep ¢ fixed, use (2.5) with £ =2, and approximate (3.1) by
WO DZE 7 B0+, ) (33)

Proceed as in (2.12), and conclude that the numerator in (2.1) can be
approximated by

oM 0EO =0V NG (0)] V2 e T ZT 1 Z EylBs -, ) (34)
Here
v=[U—-(N=1)g'(6)1/[(N—1)g"(6)]'*=0(N~'?)

since U= Ng'(6). The case t=0 can be treated similarly.
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This and the approximation (2.14) with v=0 yields the following
result.

Theorem 3.1. Suppose that N-and U tend to oo in such a way that
U/N = g'(6), and that 6 @,. Then

for =0

=t} — P
prob(Ty=1) {C[zuwvi(en’-lr(-) for 1=1,2,.

Here
r(x)=Z5(0) e,(6; x)/A(8),  xeX,

p=ex(0;-)/{ex(0; )+ [1 = Z,,(8)/A0)] " r(-)} (3.6)
C=(1-p){[1-Z,,(O)/AO)] " r()}

Note that the sum of the probabilities to the right in (3.5) equals 1,
and hence that T, stays bounded when N — co.

Our next object is the probability (2.2). Introduce the canonical
distributions

n

P§(Xogsmy X,) = (05 xo) H ™= 19/2,(0)] ex(0; x,.) (3.7)

when (x;,_,, x;)e X; x X, for j=1,.., n, and let p§(x,,.., x,) =0 otherwise.
Then for each k there is a unique stationary Markov chain determined by
these marginal densities, and the probability with respect to p% that all
particles are in phase k equals 1.

The microcanonical distribution (2.2) is related to the canonical
distribution (3.7) in the following way.

Theorem 3.2. Suppose that M, N, N— M, and U tend to oo in
such a way that U/N = g'(#) and that 8 ®,. Then

prOb(xM =205y xM—l—n = Zn) - p,ec(ZOP"’ Zn) (38)
Proof. The numerator in (2.2) equals
[ ez, O [ Z@i51-0,5) 2" (@i def2 (39)
Here w =0 + i¢. The numerator can therefore be approximated by

eN M EO O INg" (0)] 12 Fil6; -, 2) €™ Fi(B; 2,, ) (3.10)

provided u=u(zy,z;)+ --- +u(z,_,, z,) < co. The theorem now follows
from the approximation (2.14) and the identity (2.10). |}
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4. THE BEHAVIOR INSIDE THE CRITICAL INTERVAL

Here I investigate the behavior of (2.1) and (2.2) when U/N belongs to
the critical interval, i.e., when there is a number 0 <« < 1 such that U/N =
agi(y) + (1 —a) g5(y). Here y is the critical point for which g,(y) = g,(y).

Theorem 4.1. Suppose that N and U tend to infinity in such a way
that U/N=ag/(y) + (1 —a) g5(y), and put

v = [ag{(y)+ (1 — ) g5(y)1/[£1(7) — g2(»)]1? (4.1)
If (+ — No)/(N1?)'* > v, then
prob(T; = t) ~ (2nNz?)~ 12 ¢ =72 (4.2)

and hence T, is approximatively Gaussian with mean value Nx and disper-
sion N1,

Proof. The expression (3.2) with # =7 can be approximated by

[ oL+ U explli—1) 817+ 1)+ (N = 1) 820+ )]

xE\Z,Ey(y+i;-, - )dE2n

~ {exp[(N—1) g(y) —yU1}(2ns*) ~? [exp(—w?/2)] E, Z, Ex(y; -, -)
(4.3)
Here
s =(-1)g{(»)+(N—1)gs(y) ~ Nlog{(y)+ (1 —2) g3(»)]
w=[U—(t=1)gi) — (N=1) g5()]/s ~v

The approximation of the denominator is slightly more delicate in this
case. Start with the second identity in (2.3). Assume that xe X, and ye X,.
Use (2.4) and (2.5) and conclude

(4.4)

O] ewl-G+OV] T expLiglr+id)+kely+i0)]

- j+k=N—1
x E\Z,E,(0+i&; x, y)dE2n (4.5)
The sum equals
exp[Ng.(y + )] —exp[Ng,(y + i€)]
exp[g:(y +i€)] —exp[ga(y +i¢)]
~exp[(N—1)g(y)]

5 exp[N(g1(y) i& — E%g7(y)/2)1 —exp[ N(g5(y) i€ — E7g5(v)/2)
ic[g1(v) —gx(1)]

] (4.6)
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A calculation shows that the difference between the two sides is dominated
by

const - eV DEV(] 4 NE2) ¢ N (4.7)

for |£| < 4, provided ¢ is sufficiently small. Here ¢ is a positive constant.
Replace the sum in (4.5) by the approximation to the right in (4.6).
The result is

eWmDEN =V P(v ) — P(v,) [ g5(y) — 81(7)] ' E\ZnEy(y; x, ) (4.8)

Here

v;=[U—Ng;(»)1[Ng;(y)]1~ "2, j=12

) (4.9)
qb(u)zf (2m) 2 exp(— 13/2) dt

— 0

This is so because

(2m)7* [ [exp(—icU)ITexp(ida— E24%/2) — explith — &2BY/2)] de/(—if)

= ®((U—a)/4) - d((U—b)/B) (4.10)

Note that v, - o, v, > —o0, and hence that &(v,)— P(v,) — 1. It follows
now from (4.7) that the error in the approximation is of smaller order than
(4.8).

We have thus found an approximation for a}(U) when xe X, and
yeX,. These quantities are of smaller order of magnitude when both x and
v belong to the same X, and hence

al(U)~e™ Ve gi(y) — g1 (1] EyZ i Ea(y; - ) (411)

The probability to the left in (4.2) behaves asymptotically as the quotient
between the right-hand sides of (4.3) and (4.11). §

Now consider the expression (2.2). It is a consequence of Theorem 4.1
that the probability that a phase transition occurs among the particles M,
M+ 1,.., M +n tends to zero, and the probability that it occurs before M
tends to ®(v) as (M — Na)/(Nt?)2 > v.
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Theorem 4.2. Suppose that M, N, and U tend to oo in such a way
that U/N =ag|(y)+ (1 —a) g5(7), and (M — Na)/(Nt*)"* - v. Then

Prob(X s = Zosee Xpr i n=24)
= (1= B) py(205s 2,) + BD Y2051 Z) (412)
Here f= @(v) and 7 is as in (4.1).

It is possible but hardly desirable to give a detailed proof similar to
the proof of Theorem 4.1.

REFERENCES

1. T. Hoglund, Z. Wahrsch. Verw. Gebiete 29:123-151 (1974).

2. 1. Keilson and D. M. G. Wishart, Proc. Camb. Philos. Soc. 60:547-567 (1964).
3. J. L. Lebowitz and J. K. Percus, Ann. N.Y. Acad. Sci. 410:351-359 (1983).

4. D. Ruelle, Statistical Mechanics (Benjamin, 1969).



